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Starting from the proper charge-transfer model for Cu2O5 coupled ladders in Sr14−xCaxCu24O41 we derive
the low-energy Hamiltonian for this system. It occurs that the widely used ladder t-J model is not sufficient and
has to be supplemented by the Coulomb-repulsion term between holes in the neighboring ladders. Furthermore,
we show how a simple mean-field solution of the derived t-J model may explain the onset of the charge-
density wave with the odd period in Sr14−xCaxCu24O41.
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I. INTRODUCTION

It is widely assumed that the two-dimensional �2D� t-J
model1 is the correct model to describe the low-energy phys-
ics of the CuO2 planes.2,3 Consequently, many authors be-
lieve that the high-temperature superconductivity in the cu-
prates can be explained by this model and it is merely the
computationally challenging character of the model which
leads to the lack of the understanding of the superconducting
ground state �see, e.g., Ref. 4�.

Similarly, it has been suggested that the t-J model defined
on the ladder �called ladder t-J model in what follows� is the
right model to describe the low-energy physics relevant for
the Cu2O5 coupled ladder planes of Sr14−xCaxCu24O41
�SCCO�.5,6 This is a very attractive theoretical idea because:
�i� the ladder t-J model is much easier to solve than its 2D
counterpart and it has a superconducting ground state for
some specific range of parameters,7 �ii� a superconducting
ground state �under pressure of 3 GPa� was found8 in the
ladder planes of SCCO for x=13.6. This may suggest that
indeed the t-J model contains the essential physics needed to
explain the superconductivity, at least in the ladders.

In this paper we would like to question the above point of
view. As we show below, the ladder t-J model is too over-
simplified and thus, not sufficient to describe the low-energy
physics of the ladder planes in SCCO. Actually, this can
already be inferred by comparing the experimental observa-
tions in SCCO with the theoretical predictions for the
ladders:9 �i� a charge-density wave �CDW� ground state with
periods 3 and 5 was observed but �ii� no CDW state with
even period has been found,6 whereas �iii� the ladder t-J
model may have a CDW ground state only with an even
period.10,11 Therefore, we investigate this problem here by a
systematic derivation of the proper t-J model for the coupled
ladder system, extended primarily for topological reasons by
the interladder repulsive term, and discuss a simple solution
of this model.

The paper is organized as follows. We introduce the
charge-transfer Hamiltonian in Sec. II. Next, in Sec. III we
derive the low-energy t-J Hamiltonian which contains the
kinetic energy and the superexchange, similar to the ladder
t-J model, and the intraladder and interladder repulsion

terms. In Sec. IV we examine the role of the Coulomb inter-
site repulsion. Finally, we present a numerical solution of the
model in Sec. V and draw conclusions in Sec. VI. The paper
is supplemented by two appendices where some of the math-
ematical details of the model derivation are discussed.

II. CHARGE-TRANSFER HAMILTONIAN

As the starting point we choose the multiband charge-
transfer Hamiltonian introduced before for the Cu2O5
coupled-ladder geometry in SCCO.9 The model in hole no-
tation reads

H = H0 + H1 + H2, �1�

H0 = − tpd�
i��

�di��
† yi�� − di+1,��

† yi�� � di��
† xi�� � di��

† bi�

+ H.c.� + ��
i�

�ni�x + ni�y� + ��
i

nib + U�
i�

ni�↑ni�↓,

�2�

H1 = Up �
i�,�=x,y

ni��↑ni��↓ + Up�
i

nib↑nib↓, �3�

H2 = Up�1 − 2���
i��

�ni�x�n̄i�̄y�̄ + ni�y�n̄i�̄x�̄�

+ Up�1 − 3���
i��

�ni�x�n̄i�̄y� + ni�y�n̄i�̄x�� . �4�

The model �Eq. �1�� was adopted to the present ladder
geometry9 from the charge-transfer models introduced before
for CuO2 planes,12 and CuO3 chains13 in high-temperature
superconductors. The parameters are: the energy for oxygen
2p� �2px or 2py with creation operators �xi��

† � and �yi��
† ��

orbital � �the so-called charge-transfer energy measured with
respect to the energy of 3d copper orbitals�, the d-p hopping
tpd between the nearest-neighbor copper and oxygen sites,
the on-site Coulomb repulsion U �Up� on the copper �oxy-
gen� sites, and �=JH /Up�0.2—a realistic value of Hund’s
exchange on oxygen ions14 �for a complete set of realistic
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parameters see Sec. III E�. Besides, in principle the actual
electron energy at bridge orbital �rung position� of the ladder
with creation operators �bi�

† � is approximately 10% smaller
than the one at other oxygen positions.15 However, it was
shown16 that this difference does not have any important
physical consequences and therefore we will neglect it here.
Note also that the phases of the �3d ,2p� orbitals were explic-
itly taken into account in the hopping elements 	tpd �for
clarity the phases are shown only in Fig. 2�, the index �

� �R ,L� denotes the right or left leg of the ladder �R̄=L and

L̄=R�, �̄=−� for �� �↑ ,↓�, and the upper �lower� sign
stands for terms with �=L ��=R�.

The charge-transfer model �Eq. �1�� includes seven orbit-
als per Cu2O5 ladder unit cell i �see Fig. 1�: two
Cu�3dx2−y2 	d� orbitals on the R /L leg, two O�2py 	y� or-
bitals on the R /L leg, two O�2px	x� side orbitals on the
R /L leg, and one O�2px	b� bridge orbital on the rung. Al-
though it seems that the model is quasi-one-dimensional
�1D�, the density operators n̄i�x� and n̄i�y� stand for the
oxygen-hole densities in the neighboring ladders and make it
implicitly 2D as the interladder coupling couples the ladders,
so the model extends over the entire Cu2O5 plane.

III. EFFECTIVE t-J HAMILTONIAN

A. Model and the superexchange

In what follows we will derive the low-energy version of
Hamiltonian �Eq. �1�� which is valid in the so-called charge-
transfer regime U
�, i.e., for the typical values of model
�Eq. �1�� parameters: U�8tpd, ��3tpd, and Up�3tpd, see
Ref. 17 and Sec. III E below. The effective t-J Hamiltonian
consists then of four terms, and may be thus also called t-J-V
model,

H = Ht + HJ + HV1
+ HV2

, �5�

which are separately derived and discussed below.
We begin with the superexchange term HJ which is the

only important term in Eq. �5� at half filling. In this case �i.e.,
with one hole per copper site�, the charge-transfer model
�Eq. �1�� can be easily reduced to the low-energy Heisenberg
model for spins S=1 /2 using the perturbation theory to
fourth order in tpd �Ref. 18�

HJ = J�
i�

Si� · Si+1,� −

1

4
ñi�ñi+1,��

+ J�
i

SiR · SiL −

1

4
ñiRñiL� . �6�

Here, tilde in ñi� implies that the hole double occupancies
are excluded. The superexchange constant contains contribu-
tions due to charge excitations on copper sites and on the
intermediate oxygen site for a Cu-O-Cu bond, and for finite
Up reads18

J = 
2tpd
2

�
�2� 1

U
+

2

2� + Up

 . �7�

One may wonder whether the geometry of coupled lad-
ders could influence the above result. Indeed, there exists a
90° superexchange process between the holes on two neigh-
boring ladders. However, according to the Goodenough-
Kanamori rules19 such a superexchange process is much
weaker than the superexchange generated by charge excita-
tions along the 180° path in the single ladder and can be
neglected.

B. Zhang-Rice singlets for the ladder

When the ladder is away from half filling, the perturbation
theory gets complicated. Therefore, following the Zhang and
Rice �ZR� construction,2 we first define a phase-coherent
symmetric plaquette state20 �Pi���, which is formed by the
four oxygen orbitals surrounding the central copper site i�

�Pi��� =
1

2
��xi��

† � bi�
† − yi−1,��

† + yi��
† ��0� , �8�

where the upper �lower� sign stands for �=L ��=R�. When a
hole in this state forms a singlet state with the hole at the
central copper site, it has a large negative binding energy of
−8�t1+ t2�+2t3, see caption of Table I for definition of tn
hoppings and for more details. Actually, this binding energy
is not only much larger than the individual effective hopping
terms �which is on the order of t1 or t2, see Ref. 2� but it is
also considerably larger than the binding energy of some
other possible bound states, see Table I. Note that finite Up,
not considered by Zhang and Rice,2 results in finite t3 hop-
ping but does not qualitatively change the large binding en-
ergy of a symmetric singlet state �Eq. �8��.

TABLE I. Binding energy of the singlet and triplet state formed
by the copper hole and a doped hole in one of the three various
oxygen states: �i� symmetric plaquette state �Pi���, �ii� antisymmet-
ric plaquette state �Ai��� orthogonal to Eq. �8�, and �iii� single oxy-
gen orbital. Here t1= tpd

2 /�� tpd /3, t2= tpd
2 / �U−��� tpd /5, and t3

= t1Up / ��+Up�� tpd /6 for the typical charge-transfer parameters
�Ref. 17�.

�Pi��� �Ai��� Single oxygen

Singlet −8�t1+ t2�+2t3 −4t1+2t3 −2�t1+ t2�+2t3

Triplet 0 −4t1 0

x

y

(b)(a)

bdx

y

FIG. 1. Schematic view of the coupled Cu2O5 �white/gray� lad-
ders in SCCO: �a� orbitals in charge-transfer model �Eq. �1��; �b�
intraladder �interladder� bonds in the effective extended t-J model,
see Eq. �5�, shown by solid �dashed� lines.
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The mere problem with the states defined by Eq. �8� is
that they are not orthogonal. It can be checked that in the
case of the ladder geometry the following superposition of
the symmetric plaquette states forms a complete and or-
thogonal basis for a low-energy Hilbert subspace

�l��
† �0� =

1

N
�
jk

eikle−ikj��k�Pj��� + �k�Pj�̄��� , �9�

where �k��k�=2 /�3−2 cos k�2 /�5−2 cos k. Then the ZR
singlets for the ladder are

�
i�� =
1
�2

��i�↑
† di�↓

† − �i�↓
† di�↑

† ��0� . �10�

Although the binding energy is slightly reduced after this
orthogonalization, the change is not significant: if the energy
splitting between the orthogonalized ZR singlets and triplets
is defined as 16�2t1 �we consider a simplified case t1= t2 and
Up=0�, then ��1—both in the 1D ��=0.98� and in the 2D
case ��=0.96�, see Ref. 2.

Having shown that the ZR singlets in the single ladder do
not differ much from those which arise in the 2D cuprates,21

we can now safely apply all the arguments used in Ref. 2 to
derive the effective hopping of ZR singlets following from
finite tpd. Thus, we obtain,

Ht = − t�
i��

�d̃i��
† d̃i�̄� + �d̃i��

† d̃i+1,�� + H.c.�� , �11�

where once again d̃i��=di���1−ni��̄� is a fermion operator in
the restricted space. While we do not show here the detailed
expression for the effective hopping t of ZR singlets, note
that it is considerably smaller than tpd ��50%�.2 Note also
that having two ZR singlets at the same site costs energy
4t2+2t1 �if t3=0, see Ref. 2� and therefore we used the tilde
operators above to exclude these local configurations of two
ZR singlets.

C. Intraladder repulsion HV1

The Coulomb interaction on oxygen sites Up, neglected in
Ref. 2, plays a minor role in the stability of the ZR singlets
�see, e.g., finite t3 for finite Up in Table I�, but this issue is
more subtle.22 Actually, due to finite Up the two neighboring
nonorthogonal ZR singlets repel each other when two holes
occupy a common oxygen site �see Figs. 2 and 3�. Whereas
the significance of the interladder repulsion is discussed in
the next section, let us concentrate first on the repulsion be-
tween the ZR singlets within a single ladder �see Fig. 2�, and
calculate repulsion 	Up between two orthogonalized ZR sin-
glets within the ladder �
s� ,
r��H1�
h� ,
 j��. Let us note
that the “mixed terms” such as �
sR ,
rL�H1�
hL ,
 jL�, which
could a priori destroy the ZR singlets, fortunately turn out to
be much smaller than the respective binding energy. Using
Eq. �10�, after a somewhat lengthy but straightforward cal-
culation �for more details see Appendix A�, one finds the
following values for the intraladder interaction along the leg
and the rung

�
 j�,
 j+1,��H1�
 j+1,�,
 j�� = 0.027Up, �12�

�
 j�,
 j�̄�H1�
 j�̄,
 j�� = 0.026Up. �13�

We have verified that the interaction between the second-
nearest neighbors is �15 times smaller and can be safely
neglected �the longer-range interaction is even smaller, cf.
Appendix A�.

Hence, one finds that the interaction among the nearest-
neighbor ZR singlets is almost isotropic. Thus, we can write
the effective Hamiltonian for the repulsion between ZR sin-
glets �as shown in Fig. 2�

HV1
= V1
�

i�

ñi�ñi+1,� + �
i

ñiRñiL� , �14�

where V1�0.027Up. Let us note that the ratio V1 /Up is ap-
proximately 14% smaller than the naively estimated nonor-
thogonal value 1 /32=0.03125. We also checked that dimen-
sionality drives the following trend in the ratios V1 /Up:
0.023, 0.025, 0.027 �considered here�, and 0.029, for a single
rung, the 1D case, a ladder, and the 2D case, so V1 /Up in-
creases with the increasing number of neighbors.22 This fol-
lows because in lower dimensions the charge escapes more

� �
� �

� �
� �

� � � �

�
�
�

� �
� �

� �

FIG. 2. �Color online� The artist’s view of the intraladder repul-
sion between two neighboring ZR singlets. Large �small� arrows
depict the hole spins for +1.0�+0.25� charge—they stand for spins
at copper sites and for the spins of doped holes delocalized over
oxygen orbitals. Orbital phases are depicted by striped/white areas.

FIG. 3. �Color online� The artist’s view of the interladder repul-
sion between two ZR singlets on two different �white and gray�
ladders. Spins are depicted similarly as in Fig. 2.
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easily from the orbitals b and y �providing the dominating
contribution�, while in the 2D case all the orbitals suffer
from the orthogonality problem.

D. Interladder repulsion HV2

Finally, we calculate the interladder repulsion
between the ZR singlets due to on-site repulsion Up in
orbitals belonging to two neighboring ladders:

�
s� , 
̄r+1/2,��H2�
̄h+1/2,� ,
 j��—a bar sign over 
 denotes the
singlet formed on the neighboring ladder. Besides, since the
neighboring ladder is misaligned by a lattice constant 1/2
with respect to the one considered, we label the ZR singlets
on the neighboring ladder by j+1 /2 �for the copper-copper
lattice constant equal to 1�. Next, using Eq. �10� one finds
after a somewhat tedious but straightforward calculation �for
more details see Appendix B� the following value for the
interladder interaction between the closest sites belonging to
the neighboring ladders �see Fig. 3�,

�
 j�,
̄ j�1/2,�̄�H2�
̄ j�1/2,�̄,
 j�� = 0.136�1 − 5�/2�Up,

�15�

while other �neglected� longer-range repulsive terms are at
least one order of magnitude smaller, cf. Appendix B. Thus,
the repulsion between holes on the neighboring ladders reads

HV2
= V2�

i�

�ñi�ñ̄i+1/2,�̄ + ñi�ñ̄i−1/2,�̄� , �16�

where ñi� operator is related to the ZR singlets as before and
V2�0.136�1−5� /2�Up. We again neglected all spin-flip
terms which are small in comparison with the ZR binding
energy and give zero when “sandwiched” in the singlet
states. Besides, the numerical prefactor �equal to 0.136� is
here slightly enhanced with respect to the expected 1 /8
=0.125 value �unlike in the intraladder case�. This is because
a significant fraction of charge escapes from the b and y
orbitals to the x orbitals due to the orthogonalization proce-
dure.

E. Parameters of the effective model

The calculated parameters of the effective t-J-V model
�Eq. �5�� derived above are shown in Table II. This calcula-
tion is based on the cuprate charge-transfer model parameters

from Ref. 17 �the value of JH is taken from Ref. 14� which
might be considered as the most widely accepted choice of
the cuprate parameters, cf. Refs. 21 and 22. Due to the same
Cu-O distances in SCCO as in CuO2 planes in, e.g.,
La2CuO4, we can adopt these parameters also to the present
case.

Let us note that on the one hand, it should be emphasized
that the interladder coupling V2 is on the order of J for the
realistic parameters14,17 and therefore cannot be neglected.
On the other hand, the value of V1 is two and a half times
smaller and therefore we suggest that, if necessary, this in-
teraction could be skipped in the first-order calculations.

IV. ROLE OF THE INTERSITE COULOMB REPULSION
Vpd

One may wonder whether the intersite Coulomb repulsion
Vpd in the charge-transfer model could alone lead to a sig-
nificant repulsion �i.e., on the order of the estimated value of
V2� between the ZR singlets in the neighboring ladders. This
term, which stands for the repulsion between charges situ-
ated in the nearest-neighbor copper 3d and oxygen 2p orbit-
als, was neglected in Ref. 9 and in the above analysis, cf. Eq.
�1�. In fact, including this term may, e.g., lead to a significant
renormalization of the parameters of the 2D t-J model.23

Indeed, one finds that the repulsion between a hole in a
symmetric state ��i�� and a copper hole in state �dj��� situ-
ated on the nearest-neighbor sites in two neighboring ladders
is on the order of �nix�+niy��ndj��Vpd�0.5Vpd. Although
typically Vpd is smaller than tpd, e.g., Vpd�1.2 eV �Ref. 17�
or even Vpd�1 eV,24 this contribution might still be signifi-
cant and, in principle, should not be entirely neglected. How-
ever, the key observation is that this term leads to roughly
equally large energy cost if: �i� either the two ZR singlets are
situated on the above-mentioned sites i and j and repel each
other due to Vpd or �ii� the two ZR singlets are situated far
away from each other on two ladders and �due to Vpd� merely
feel the repulsion with the neighboring copper hole on the
neighboring ladder. Hence, including the intersite repulsion
Vpd increases the total energy of the system but almost does
not contribute to the energy difference between the two
above situations, measured by the value of the interladder
repulsion V2. It is only a small residual repulsion due to the
orthogonalization procedure, see Eq. �9�, which may change
the value of V2 by a small fraction. This has been also con-
firmed by the results of Ref. 22, where Vpd leads indeed to a
very small repulsion between holes in the 2D t-J model
��0.05tpd�.

V. NUMERICAL RESULTS

Now we shall verify whether the derived t-J-V model in
Eq. �5� supports the CDW states observed in SCCO and to
understand to what extent the interladder term �Eq. �16��
influences the stability of the CDW state. As a thorough in-
vestigation is beyond the scope of this work and left for
future studies, we solve the model �Eq. �5�� in the simplest
possible way. Thus, we first introduce the Gutzwiller factors,
gt= �2−2n� / �2−n� and gJ=4 / �2−n�2, which renormalize the

TABLE II. Adopted values of the parameters of the charge-
transfer model �Eq. �1�� from Ref. 17 �JH from Ref. 14� and the
calculated values of the derived t-J-V model �Eq. �5�� in electron
volt.

Charge-transfer model t-J-V model

tpd 1.3 t 0.54

� 3.6 J 0.24

Up 4.0 V1 0.11

U 10.5 V2 0.27

JH 0.8
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kinetic �gt� and interaction �gJ� terms; for their justification
see, e.g., Ref. 25. Here n denotes the average number of d
holes per site in the effective model �Eq. �5��, i.e., n
=���ñi���. Second, we use the mean-field approximation for
the interaction terms. Next, we diagonalize the effective one-
particle Hamiltonian introducing the classical fields

�di��
† di��� = � n − p for i/� � Z

n +
1

� − 1
p for i/� � Z ,� �17�

where p�n is the CDW order parameter and � is the CDW

period. Furthermore, �d̄i−1/2,��
† d̄i−1/2,��� are defined as in Eq.

�17� but with i /� replaced by �i+1� /� ��i+2� /� for
�=5�—this assumption minimizes the classical energy cost
of the interladder repulsion V2.

In Fig. 4 we show the CDW order parameter p calculated
self-consistently as a function of the interladder interaction
V2 for the three experimentally interesting doping levels:9,26

n=2 /3 which corresponds to nh=2−n=4 /3 holes per copper
site in charge-transfer model �Eq. �1��, n=3 /4 corresponding
to nh=5 /4, and n=4 /5 corresponding to nh=6 /5. The results
demonstrate that the interladder interaction plays indeed a
crucial role in the stability of the CDW while the intraladder
one is rather unimportant.

We have found that the CDW state with period �=3 ��
=5� is stable for n=2 /3 �n=4 /5� for the rather realistic val-
ues of the parameters J=0.4t, V1=0.2t, and V2=0.5t–0.9t.
Please note that: �i� we adopted here a somewhat smaller
value of J=0.4t which is closer to a typical value for
cuprates27 and �ii� values of V2 exceeding 0.5t can be ob-
tained using, for example, the set of parameters suggested in
Ref. 24. This finding explains well the experimental results
of Ref. 6. Besides, the CDW-ordered state is also stable for
period �=4 which was not observed.6 We expect that the
stability of the CDW state with this period is a shortcoming
of the above-simplified solution which does not capture well
the frustration between two possible CDW patterns in the
neighboring ladders, which occurs for period �=4.9

VI. CONCLUSIONS

In summary, we derived the t-J model, which describes
the low-energy physics of Cu2O5 coupled ladders. Apart

from the “standard” superexchange 	J and kinetic-energy
terms 	t, the model contains also the repulsion between the
nearest-neighbor holes in a ladder 	V1 and in the two neigh-
boring ladders 	V2, and hence is also referred to as a t-J-V
model �see Eq. �5��. We showed that the latter V2 term is
roughly two and a half times larger than V1 and �contrary to
V1� cannot be skipped—in fact it is crucial to explain the
onset of the odd period CDW state in SCCO. We emphasize
that this particular extra term is restricted to the copper ox-
ides in which oxygen is coordinated by three copper ions in
the same plane. Therefore, it is not present in the CuO2
planes,12 or in Cu-O chain13 in copper oxides, but �apart
from the discussed SCCO case� could become relevant for
the coupled chains of SrCuO2 �provided they are hole
doped�. Furthermore, it is both a many-body term and on the
order of J, contrary to various corrections to a 1D or 2D t-J
model.4,22 Besides, we also verified that the Coulomb inter-
site interaction Vpd alone �not included in the presented deri-
vation� cannot lead to a significant interladder repulsion V2.

The simple mean-field solutions of the t-J-V model de-
rived here provides evidence in favor of the experimental
observations of the onset of the odd CDW state in the ladder
planes of the SCCO. This is further supported by the recent
density-matrix renormalization-group calculations27 where a
ladder t-J model with the interladder coupling V2 �denoted as
V� in Ref. 27� was studied: also there the CDW with odd
period is stabilized due to the presence of the interladder
interaction V2.

Finally, let us note that the other hole-doped ladder com-
pound La1−xSrxCuO2.5 is also characterized by a large �but
different than the one discussed here� interladder coupling.28

Therefore, we argue that it is currently a challenge for the
condensed-matter community to search for a hole-doped lad-
der compound which could indeed be modeled by the ladder
t-J Hamiltonian �given by Eqs. �6� and �11�, i.e., without
additional intersite repulsion terms�.
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APPENDIX A: DERIVATION OF THE INTRALADDER
REPULSION TERM ÊV1

Here we show how to calculate the repulsion between
orthogonalized ZR singlets within the ladder due to the on-
site interaction Up in H1. Thus, one needs to determine the
following matrix elements

�
s�,
r��H1�
h�,
 j��, �
s�,
r�̄�H1�
h�̄,
 j�� . �A1�

Let us note that the mixed terms such as for example
�
sR ,
rL�H1�
hL ,
 jL� vanish in the ZR singlet basis—they
could a priori lead to the destruction of the ZR singlets but
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2
/ t

0.0

0.2

0.4

0.6

0.8

1.0

p
/n

0.0 0.3 0.6 0.9
V

2
/ t
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FIG. 4. �Color online� The self-consistently calculated order pa-
rameter p for SCCO as obtained from the effective t-J-V model �Eq.
�5�� �see Eq. �17� and text for more details� as a function of the
interladder interaction V2 for: �a� filling n=2 /3 and period �=3, �b�
n=3 /4 and �=4, �c� n=4 /5 and �=5. Parameters: realistic values
�see text� J=0.4t and V1=0.2t �solid lines�, and J=0 and V1=0
�dashed lines�.
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fortunately they are much smaller than the respective binding
energy.

Intraladder repulsion along the leg. First, we calculate the
matrix elements of H1 between the orthogonal plaquette
states Eq. �9� along the leg

��s��,�r��̄�H1��h��̄,� j��� =
1

16
Up

1

N3�
kqf

eik�h−r�eiq�j−s�eif�r−s�

� � 1

16
��k�q + �k�q − �k�q − �k�q���q−f�k+f + �q−f�k+f

− �q−f�k+f − �q−f�k+f� + 
sin
k

2
sin

q

2
sin

q − f

2
sin

k + f

2

+
1

16
���k�q�q−f�k+f + �k�q�q−f�k+f�
 , �A2�

and

��s��,�r��̄�H1��h��,� j��̄� = − ��s��,�r��̄�H1��h��̄,� j���

�A3�

while the same spin elements are zero,

��s��,�r���H1��h��,� j��� = 0. �A4�

One can evaluate numerically the above expressions. It oc-
curs that the largest positive element is the nearest-neighbor
interaction

�� j��,� j+1,��̄�H1�� j+1,��̄,� j��� = 0.0544Up �A5�

while following Eq. �A3� the absolute value of the largest
negative element, which corresponds to spin-flip nearest-
neighbor interaction, is the same. Furthermore, the second
largest element is the next nearest-neighbor interaction and is
over 20 times smaller, which means that it can be safely
neglected.

Second, we calculate the matrix elements of H1 between
the nearest-neighbor ZR singlets, defined by Eq. �10�. This
introduces a factor 1/2 to the above estimations of the repul-
sion between orthogonal plaquette states. It is because there
is a 50% probability to have opposite spins on a particular
shared oxygen site occupied by two holes from two different
ZR singlets. Note that the spin-flip-plaquette terms do not
give any contribution to the repulsion between ZR singlets,
although they could in principle destabilize the ZR states
themselves. Fortunately, this is not possible since the binding
energy of the ZR singlets is much larger. Thus altogether, we
obtain for the repulsion along the same leg

�
 j�,
 j+1,��H1�
 j+1,�,
 j�� = 0.0272Up. �A6�

Intraladder repulsion along the rung. Following a similar
scheme, one can calculate the repulsion between ZR singlets
on different legs. One obtains the following matrix elements
of H1 between the orthogonal plaquette states Eq. �9� on
different legs

��s��,�r�̄�̄�H1��h�̄�̄,� j��� =
1

16
Up

1

N3�
kqf

eik�h−r�eiq�j−s�eif�r−s�

� � 1

16
��k�q + �k�q − �k�q − �k�q���q−f�k+f + �q−f�k+f

− �q−f�k+f − �q−f�k+f� + 
sin
k

2
sin

q

2
sin

q − f

2
sin

k + f

2

+
1

16
���k�q�q−f�k+f + �k�q�q−f�k+f�
 , �A7�

and

��s��,�r�̄�̄�H1��h�̄�,� j��̄� = − ��s��,�r�̄�̄�H1��h�̄�̄,� j��� ,

�A8�

and

��s��,�r�̄��H1��h�̄�,� j��� = 0. �A9�

Evaluating numerically the above expressions one obtains
that the largest element is the nearest-neighbor repulsion—
this time between the orthogonal plaquette states on the same
rung

�� j��,� j,�̄�̄�H1�� j,�̄�̄,� j��� = 0.0529Up �A10�

while the second largest element �the next nearest-neighbor
interaction� is over 15 times smaller and can be neglected.

Finally, following the same steps as those leading from
Eq. �A5� to Eq. �A6�, we obtain the repulsion between the
nearest-neighbor ZR singlets �defined by Eq. �10�� along the
same rung which is twice reduced

�
 j�,
 j,�̄�H1�
 j,�̄,
 j�� = 0.0265Up. �A11�

APPENDIX B: DERIVATION OF THE INTERLADDER
REPULSION TERM ÊV2

Here the task is to calculate the repulsion between two ZR
singlets centered at the neighboring copper positions of two
ladders �and thus sharing the same oxygen sites but not the p
orbitals, see Fig. 3� due to the on-site repulsion on oxygen
sites. However, again we will calculate the repulsion be-
tween arbitrarily located ZR singlets and only then we will
show which elements are negligible. Note that the plaquette
states on two ladders are orthogonal to each other although
they still have to be orthogonalized for the same ladder �as in
Appendix A�. Explicitly one needs to calculate the following
matrix elements:

�
s�,
̄r+1/2,�̄�H2�
̄h+1/2,�̄,
 j�� �B1�

and

�
s�,
̄r+1/2,��H2�
̄h+1/2,�,
 j�� . �B2�

Interladder repulsion between plaquettes with the same
spin. We calculate the matrix elements of H2 between the
orthogonal plaquette states Eq. �9� with the same spin but
situated on different legs
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��r��,�̄s+1/2,�̄��H2��̄h+1/2,�̄�,� j���

=
1

16
�1 − 3��Up

1

N3�
kqf

�k�q�q−f�k+f�1

4
sin q sin�q − f�

+
1

4
sin k sin�k + f�
eik�h−r�eiq�j−s�eif�r−s−1/2� �B3�

while for the same legs we obtain

��r��,�̄s+1/2,���H2��̄h+1/2,��,� j���

=
1

16
�1 − 3��Up

1

N3�
kqf

�k�q�q−f�k+f�1

4
sin q sin�q − f�

+
1

4
sin k sin�k + f�
eik�h−r�eiq�j−s�eif�r−s−1/2� . �B4�

As it might have been expected, it occurs that the biggest
term is the repulsion between orthogonal plaquette states
with the same spin situated on the closest possible sites in the
neighboring ladders �see Fig. 3�

�� j��,�̄ j�1/2,�̄��H2��̄ j�1/2,�̄�,� j��� = 0.1355�1 − 3��Up,

�B5�

and all other terms are on the order of 10−3�1−3��Up and
can be neglected.

Interladder repulsion between plaquettes with opposite
spin. A very similar calculation as above but performed for
the orthogonal plaquette states Eq. �9� with opposite spins
leads to the repulsion between orthogonal plaquette states
with opposite spins and situated on the closest possible sites
in the neighboring ladders

�� j��,�̄ j�1/2,�̄�̄�H2��̄ j�1/2,�̄�̄,� j��� = 0.1355�1 − 2��Up

�B6�

while again all other longer-range repulsive terms can be
neglected.

Finally, combining Eqs. �B5� and �B6� with the definition
of the ZR singlet �Eq. �10�� we obtain the value of the repul-
sion between the two ZR singlets �cf. similar discussion in
Appendix A� on the closest possible sites in the neighboring
ladders to be

�
 j�,
̄ j�1/2,�̄�H2�
̄ j�1/2,�̄,
 j�� = 0.1355�1 − 5�/2�Up.

�B7�
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